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Marek W. Kfichalski THE UNIQUENESS OF THE SOLUTIONS OF THE DIRICHLET AND THE THIRD BOUNDARY VALUE PROBLEMS
The uniqueness of the solutions of the Diriohlet and the third boundary value problems for linear partial differential equations of seoond order were examined by many authors under the assumption that o <0 and 0, the most general results being obtained by B. Hopf, 0. Olejnik and M. Pioone. 11. Picone has also proved the uniqueness in the case when o>0, assuming the existenoe of the so-called damping factor (cf.
[l]» 55 19-21). In the said papers the uniqueness of the boundary value problems was a sequel of the properties of the extrema of solutions. In this paper we use a method introduced by S. Chaplygin (cf.
[j2] chap. VIII and references) and based on a fundamental formula, and we prove the uniqueness of the solutions of the said boundary value problems for a linear partial differential equation of second order with c>0 (in the case of the third boundary value problem we also allow fi to be positive).
Let us consider a partial differential equation of the form (we use Binstein's summing notation)
; a i; j(x) « a^fx)).
M.W. Mtchalski
We assume the following 1° the coefficients a.,.,, , c (i,j-1,2,...,m) are real " 1 m functions defined in a bounded domain ¿2€C¿ of R and belong-O 1 ing to the classes respectively, and Lu is integrable in SI.
2° the quadratic form of (1), A(x,$) j-a.^(x)£^ (i,;j=1,2,... ,m) is non-negative definite for everj x e Q and £ e R m . The formula for integration by parta (cf.
[l], pp.149-152; cf. also [3] , pp.302-307) implies Lemma 1. If assumption 1° is fulfilled and ue C 
2.
We shall prove the following Theorem 1. If assumptions 1° and 2° are fulfilled and if the coefficients of equation (1) satisfy the following condition
then the Dirichlet problem has at most one solution in the class C 2 (i2)n C 1 (¿2). Proof.
Evidently, every solution of the homogeneous Dirichlet problem for equation (1) Under the assumptions of Theorem 1 the Dirichlet problem for adjoint equation (3) has o at most one solution in the class of functions ue C (n)O n C 1 (Q). Example 1. Considci the equation (4) ¿u + 2xD.,u + 2yDgu + cu = f, ceCffl), (x,y)eficH 2 and observe that condition 3° is fulfilled if c<.2. Evidently, the remaining assumptions of Theorem 1 are a.iso satisfied and hence we can conclude that the Dirichlet problem for the considered equation has at most one solution.
_3. In this section we shall examine the third boundary value problem for equation (1) Suppose that equation (4) and adjoint to (4) are considered in the ball £2 = B(0,R). Let us use conditiond 3° and 4° in order to estimate the functions c and fi.
As we know from Example 1, c < 2. Moreover, by assumption 4° we obtain ft -c xc os (n,x) + ycos(n,y) = -R for equation (4) and >8iS -xcos(n,x) -ycos(n,y) = R for equation adjoint to (4). Using Theorem 2 we can assert that afore-said boundary value o problems for these equations are unique in the class C [Si) fl n C 1 (Q).
